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o-algebra and random variables

Let © be an abstract space, and F C 2. Suppose F satisfies
QVcFQcF
© [ € F implies that F¢ € F
© F is closed under finite intersection and union
© F is closed under countable unions and intersections

F is an algebra if it satisfies (1),(2) and (3), and o-algebra if it
satisfies (1),(2) and (4).

o algebra examples

o A={0,0}
o ACQ, we have o(A) = {0, A, A°,Q}

@ when ) = R, the Borel g-algebra is the o-algebra generated
by open sets (—00,a),a € R.
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o-algebra and random variables Randor es
Simple ectation

ndent o al
function

Probability Measure P : F — [0, 1] which satisfies
o P() =1
@ Coutable Addditivity for coutable sequence A,, of
elements F and 4; N A; = ) we have

P(Up An) =) P(Ay)
n=1

P(A) is called the probability of A.

Random Variable

A random variable on probablity space {2, F, P} is a function
z:Q — X C R such that 271 (B) € F,VB € B. Probability of x
is

P,(B)=P(z7'(B)),BeB




o-algebra and random variables Random variable properties
Simple Variables and Expectation

o algebras
Characteristic function

Distribution function

F.(z) = P({w;z(w) <z}) = P, ((—o0,z)) z€R
Fx(x) = Fx (x1,22,...,2) = P {(—00,21) N--- N (=00, k) }

Probability mass function
For discrete x define

() = P{w; z(w) = z})

Density function

Pz(areB):/Bpx(t)dt:/BdFm(t), BeB

PX(B):/pxdx:/px(azl,mg,...,xk)dmldazg...dxk,BEB
B B

w
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o-algebra and random variables Random va es

ectation

Simple r.v. X =) T a;ly,
Expectation E{X} =377 a;P (4A;) = [ X(w)P(dw) = [ Xdp

Let X* = max(0,X), X~ = min(0, X), then r.v. X has a finite
expectation if both E{X*} E{X~} and

E{X}=E{X*}-E{X"}

Expectation of arbitrary r.v.

For every r.v. X there is a sequence {X, },<1 of possitive
simple r.v. such that X,, — X as n — oo.

Example

o[kt k2t < X(w) < (k12 and 0 S k<27 -1
" n X(w)>n
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o-algebra and random variables 3 0 ble properties
Simple Variables and Expectation

snt o algebras
bic function

Moment of order n = ny +ns + -+ + ny,

k
n
e
1
Covariance

C{ai,zjt = E{(z; — E{z;}) (z: —E{z;})}
Correlation

C {(L‘i, IZ?]'}
Var {z;}2 Var {z,}2

R{(L‘i,m]’} =
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o-algebra and random variables 3 0 ble properties
Simple Variables and Expectation

snt o algebras
bic function

Marginal Density
(z1,...,25) =y = (z1,...,2¢) and z= (T441,...,2%)

Dy = / p(x1, ... xp)dxssy ... dog
RE—t

The conditional density p,,(zly) = %

Bayes’ Theorem

_ pz|y(z‘Y)py (Y)

py|z(Y|z) pz(z)
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o-algebra and random variables Random > properties
Simple Va and Expectation

Characteristic function

Independent random variables

@ Sub c-algebra {F;}icr of F, are independent if for every
finite subset J C I, and all F; € F; one has

ﬁZEJA H P

ieJ

e R.V. {X;} with values in (E;,&;) are independnet if the
generated o-algebras X; *(&;) are independent

Conditional indepndence can be induced by restricting to the
given information

Two random variables X and Y are independent if and only if
E{f(X)g(Y)} =E{f(X)}E{g(Y)} for every bounded fand g.
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o-algebra and random variables
nd Expectation

Independent o algebras
Characteristic function

Characteristic function
¢(t) =E{e™} teR

Properties

¢a(t)] = 1,65(0) =1

@ ¢, (.) is uniformly continuous

® Zy,..., 1y, iid, s = D7) @, then, ¢y(t) = [} ¢ay((t)

@ every distribution has it own characteristics function
o if E{z*} < oo then ¢,(t) = ) (Zt E{QBJ} + o(tF)
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Definition
Law of Large Numbers
Central Limit Theorem

Stochastic Convergence

In mean lim,_ . E {(ajn - 33)2} =0
Almost surely P ({w : lim, 00 Zp(w) = z(w)}) =1
In probability Ve > 0,lim, 0o P ({w : |zp(w) — z(w)| > €)} =0
In distribution lim,,_,. Fy,(t) = F(t)

Convergence in mean square — Convergence in probability
Almost sure convergence = Convergence in probability
Convergence in probability —> Convergence in ditribution

By definition, sequence f; converges to f in limit, if the norm of
difference converges to zero in limit
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Definition
Law of Large Numbers
Central Limit Theorem

Stochastic Convergence

Suppose z1,x2, ..., x, are independent, identically distributed.
The ”law of large numbers”

Let E {27} < 0o E{z;} = p Then,

n
1
_§ T
n -

=1 n

Il
8l
3
!
=

in mean square sense

Weak law of large numbers Let E {z;} = p Then, z,
converges in probability to u

Strong law of large numbers Under the same condition as
"weak law ...”, Z, converges almost surely to u

Nima Reyhani Review on Probability Theory



Definition
Law of Large Numbers
Central Limit Theorem

Stochastic Convergence

Suppose z1,x2, ..., x, are independent, identically distributed.
The central limit theorem

central limit theorem when
E{z;}=pn E {a:f} — E{x;} = 0%,Vi then

T,

o/ \/_

law of iterated logarithms Under the same condition as central
limit theorem

. N(0,1)

Zn =

lim sup In 1 (2log log n)_% =1

w5
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Example: Dirichlet
Multivariate Distributions Dirichlet distribution properties

Dirichlet Distribution

r.v. x = (z1,...,x) has a Dirchlet distribution, with
parameters « = (aq,..., k1) > 0 if its probability density
Di(z]a),0 <z <1,YF < 1is

Otk+1—1

F( k+1 ai) .

Di(z|a) = %x?l o | 1- Zmz
Hiil [(a;)

Then we also have

E{z; E{x;
E{x:} = ETI% ; Var {z;} = {1 J}r(zk“ {zi})

and
E xT; E €4
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Example: Dirichlet
Multivariate Distributions

Dirichlet distribution properties

@ o; > 1,2 =1,...,k there is mode given by

ai—l
M{z} =
{i} S 1At a, — k— 1

@ Marginal distribution z("™ = (1,

S T),m < ks

k+1
m . m
p(x( )) = Diy, | 2 )|a1,...,am, E a;
m+1
@ The conditional distribution given x,,11,...,zy of
2
/ 7 .
r=————i=1....m
1- Zm+1 ZLj
: . / / /
is ~ Dip, (2,25, ...,20, | a1,.

< O, Q1)
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Question

Question

Find the exectation of
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