The Discrete-Time
Fourier Transform
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The Discrete-Time Fourier Transform

» TheFourier seriesrepresentation of a
discrete-timeperiodic signal isafinite series,
asopposed to theinfinite series
representation required for the continuous
time periodic signals

« The discretetime Fourier anaysisis discussed

The differences between continuous-time and

discretetime Fourier transforms are considered

(similar to those between CT and DT Fourier

series)
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Development of the Discrete-Time
Fourier Transform

* An aperiodic signal x(t) was earlier (Chapter 4)
represented by first constructing a periodic signal
X,(t) that was equal to X(t) over one period

* The Fourier series representation for x(t) converged
to the Fourier transform representation for x(f)

» The similar procedureis applied to discretetime
signalsin order to develop the Fourier transform
representation for discretetime aperiodic sequences
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Representation of Aperiodic Signals

 Consider ageneral sequencex[n] thatisof finiteduration, i.e., for
some integersN, and N,, x[n] = 0 outside therange-N, <n <N,

* A periodic signal xJn] is constructed for whichx[n] isone period

* AsN gpproachesinfinity, x[n] = Xn] for any finite valuen

xn]
N, 0 N, n
Xp[n]
"°||||||||| |||||||||| ||||||||||"'
N Ny 0 N, N n
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Representation of Aperiodic Signals

* Letusexaminetheeffect onthe Fourier seriesrepresentation o fx;[n]
* Fourierseries: xp[n]: é akejk(zp/N)n
k=(N}

l i
ak:W a xp[rle k(2 /N)n
k=(N)

» Sincex[n]=x,[n] over aperiod that includestheinterval -N;<n<N,,
itis convenientto choosetheinterval of summation to include this
interval, so that x,[n] canbereplaced by x[n] inthe summation

- ik IN)n — l B¥ L I N)n

><{n]el (P/N) =—a >{n]e1 (P/N)

N Ny

Qoz

_1
a ==
lk

0l Smua Tik-61.140 / Chapter 5 5

Representation of Aperiodic Signals
« Definingthefunction
; +¥ .
X(e")= & e "
n=-¥

we seethat the coefficientsa, are proportional to samplesof X(€")

a, :% X(e*™)  wherew, =2p/N
* Wecannow expressx[n] intermsof X(e*) as
eikwﬂ)eikwn"

o l
Xplrl = < X(
P kf(‘N)N
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Representation of Aperiodic Signals

« Equivalently, since 2p/N=w,

xpln]= L ax (elkWoye Wity
P (v

» AsNincreases w,decreases, and asN approachesinfinity, and the
summation passesto an integral

* As N approachesinfinity , x[n] > x[n] and the above equation
becomes

xpln] = % q) X (e)eMNaw

Soismia Tik-61.140 / Chepter 5 7

The Discrete-Time Fourier
Transform

x[n] = % Qp X(eIW)el"aw

X(e")= e ™"

=-¥

6ol smia

The Discrete-Time Fourier Transform

» Thediscrete-time Fourier transform is
periodic and thereisfiniteinterval of
integration in the synthesis equation

* Discrete-time complex exponentialsthat
differ in frequency by a multiple of 2p are
identical

* Periodicity of &*":
w=0and w=2p yield the same signd
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The Discrete-Time Fourier Transform

X0

il
« Signals at frequencies |
near w=0 and any
even multiple of of L
@ ®

2p areslowly varying

High frequencies

e
bl |
indiscretetime ” ” } “
arethevaluesof w ;
near odd multiples i " T E
© @

ofp

60l smia Tik-61.140 / Chapter 5 10

Example 5.1: Exponential Sequences

» Condder the signd {ri=a"yn], |al<1

« TheFourier transform is given by

X(ejw)_ +0¥ n - jwn
= aaun]e

n=-¥
+¥ .

= é ge' Jw)n =—l -
=0 1- ag’ W

* For a>0, the system corresponds to alowpass filter
« For a< 0, thesystem correspondsto a highpass filter
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Example 5.1: Lowpass Filter, a>0

Xt )

LX)

—tan ' (/1 — a3
(a)
60l Smia Tik-61.140 / Chepter 5 12




Example 5.1: Highpass Filter, a<0

x|

T XE)

(
tan”" (Jalv1 —aQ)\ m
[ —n\/‘{a = o w
™~

© —tan " (a1 - &)
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Example 5.2:
+ Condder thesignd  nj=a", |ak1

: +¥ . +¥ R -1 .
X(eJW) = é Al wn - _ é e Wn 4 é a Mg fwn
n=-¥ n=0 n=-¥

x(e") = ¥(ae JW) +g(aejw)m
n=0 m=1

1 e 1-a?
1-ae W 1- ael" 1- 2acosw+a?

x(e") =

¢ Inthiscase X(e%)isred !
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Example 5.2:
Signal x[n]=al" and its Fourier transform

0ol
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Example 5.3: Rectangular Pulse

» Consider the rectangular pulse
tl InE Ny

10 [nf> Ny

An=

X(elW) = +ae jwn — snw(N1+1/z)

n= N, sin(w/2)

« Thefunction isthe discretetime counterpart of the sinc function
« Thisfunction, however, isperiodic with period 2p,

O<axl whereas the sinc functionis aperiodic
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Example 5.3: Example 5.4: Unit Impulse

Rectangular Pulse and Its Fourier Transform

xn

il

»N‘ [ N| n

AWV

SIVAAVACSA VAL VALE
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« Let {n] beaunitimpulse x[n] =d[n]
+ Theanalysis equation gives X (eiW) =1

» Theunitimpulsehas a Fourier transform representation consisting of
equal contributions & all frequencies

» Weobtainnow .

sin\Wh
pn

» Thefrequency of the oscillationsinthe approximation increases
asW isincreased

» The amplitude of these oscillations decreases rel ativeto the magnitude
of X[0] asW is increased, and the oscillations disappear forW=p

X :L‘W M =
X[n] szNe
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Example 5.4: Approximation of the Unit Sample

) W= W=3us

N ;
Z.ﬁih, : ; "IT!I' .

@ ®

£l W e

‘-ll‘] l‘yl.'
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The Fourier Transform for Periodic Signals

« Consider the signal X[ = elWen

« In continuos-time, the Fourier transform of %! was interpreted
as animpulse at w = w,

¢ Thediscretetime Fourier transform must be periodicin w with
period 2p

« Thus, the Fourier transform of x[n] should haveimpulses at
Wy, Wy +2pP, Wy +4p , €iC. , i.€.,

X(w)
X(eJW):‘éka] dWw-w,- 2pl) | \Zp

Wo-4p  Wo-2p Wo Wt Wotdp W

6ol Smia Tik-61.140 / Chapter 5 20

The Fourier Transform for Periodic Signals
« Subgtituting into the synthesis equation
1 . . 1 B .
A== KX EMW)eMdv=—@ § D dWw-wp- Dl) e/dw
2 5 P gpi=x
« Any intervalof length2pincludesexactly oneimpulse, thenif
theinterval of integration chosen includesthe impulse a wy+2pr,
we have
Al == (X (&™) Mo = el (Wo+2PNN = giwin

2
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The Fourier Transform for Periodic Signals

« Now, consider aperiodic sequencex[n] with periodN and with
the Fourier series
= § ael®@Mn
k=(N)
* TheFourier transformis

j Y 2pk
XE")= d» adw- 59
k=-¥

« The Fourier transform of aperiodic signal can bedirectly
congtructed from itsFourier coefficients

« Thiscanbeverified by noting thatx[n] isthe linear combination of
complex exponentialsand so isthe Fourier transform
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The Fourier Transform for Periodic Signals
x[n] =a,+ alej(Zp/N)n + azeJZ(Zp/N)n +..+a, 1ei(Nfl)(ZplN)n

« x[n]isalinear ] ] ' ]
combination of 2 a
signalswith
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Example 5.5: Periodic (Sinusoidal) Signal
« Consider the periodic signd
{n] =cosv,n=Le™" +Le ™", withw, :%

oo s w2 s
X(e") = 8 pd G- T 212+ Qo+ 202
=y € 5 gi-x ¢ 5 o

2p0 & 0
—s+pd cW+—= -pEw<p
5¢g g 5¢g

N
Pt TlT Pt

"o "oy 0 wg 2n w
(~2m—wg) (~27+wg) @n—wg @mtog

X(e")=pd G-
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Example 5.6: Periodic Impulse Train

Consider the discretetime counterpart of the periodic impulse train

|
¥ 1
= qd (n-kN)  .ee cee
k=-¥
-N 0 N N n
. . - _1 - k(@ /Nn_ 1
Fourier series coefficients & =— a X{n] e =—
N pgy N
4 X(ev)
wy_ 2D & ko
XEe")y=—ad - =
=380 f- 2 |
(11 (X ]1]
SR
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Properties of the Discrete-Time Fourier Transform
« Periodicity: x(ej(w+2p)) :X(ejw)
Fourier transform pairs. X[l =94® X;(e") , x,[n]~Fi® X, (e!¥)
- Linerity:  ax]r] +bfr]~3i® aX(el) +bXy(el)
H{n- nol 9@ & W ey

« TimeShifting:
- Frequency Shifting: " n]-¥® X(e" ")
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Time Expansion
 Let kbeapositiveinteger, and define the signal

0l f x[n/K], if nisamultiplef k

x[n] =f

* # if nisnotamultiplef k

* For k=3, x[n] isobtained !
fromx[n] by placing k-1 m]]lhm
zeros between successive “2folz
values of the original signa o

« Intuitively, wecan think of
XN as aslowed-down
versionof x[n]

BIARARARAANS
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Time Expansion

* Since x[n] equas Ounless nisamultipleof k, i.e., unless n=rk,
the Fourier transformof xy[n] canbegivenas

X(@™) = & Xolnle ™ = § xlrkle ™™
n=¥ n=-¥

* Furthermore, since X[rk]=Xr], the Fourier transform can bewritten
as +¥
X (™) = @ {rle ™" =X (e")

n=-¥

XNl a® X"
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Time Expansion

X
KS

) * Notethat basthe
“ signal isspread out
B - and slowed downin

" time by takingk>1

Xgin) X6 = XieP)
itsFourier transform
[ L[ l is compressed
: - A ETAYRATAYA « The application of the
=5 et U T timescdingisin

Xoor=xm ; ;
| increasing and

il
; decreasing the
| sampling rate
! LA
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Convolution Property

A

In frequency domain:

ynl= Xnf*h[n]

Y(E™)=XE"H(e")

Convolution in the time domain corresponds to
multiplication in the frequency domain

« The frequency response H(e") captures the changein complex
amplitude of the Fourier transform of theinput at frequency w
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Example 5.11: Delay on n, Samples Example 5.12: Ideal Lowpass Filter
+ Impulse response: il =dfn - n] _ L iwgiwn gy - L g, _ Snwen
, h[n]—Zp g—i(e e dw-zp e dw = on
. + . . : -
» Frequency reponse HE!")= §din- ng] & "= W1 He)
=¥ i . _The i_mpulser_esponse
« Thus for any input X[n] with the Fourier transform X(g*), ,z‘v—l e I—z‘w . isa sinc function
the Fourier transform of the output is . hNn]t 0, forn<0
Y(E")=¢e""X (") . « The impulse response
. isnot causd and
yin] =X(n- ng] WI.FJJL.T»W its oscillatory behavior
® isnot desired
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Example 5.14:
Ideal Bandstop Filter Based on Ideal Lowpass
Filters and the Frequency Shifting Property

Example5.14: Ided bandstop filter based on idedl lowpass
filters and the frequency shifting property
Frequency shifting:  w,[n]= (- 1)"x[n] = e*"xn]
W (eM) = X (elt-p))

Convolution: Wy(e™) = H, (e™)X (€™ )
Frequencyshifting: Wi (") =W, (e'™"™) = H, (e!""?)X (™" **))
S Periodicity: W, (e"")= H, (&)X (e™)
Hip(e) Hp (6 P)
1] |
T L ¥ L1
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Example5.14: continued...

Convolution: ~ Wa(e™) = Hyp (1" )X (/™)
Linearity,  Y(&™)=Wae™™) +w, (")
= [Hp (e ™)+ Hy(e™)] X (e™)

Frequency response H(e'") :[H‘p(e”W'P)) + H‘p(eJW)]

Hikgtem)
1 th [

Bandstop filter
D MR B @R p
3 4 4 2
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The Multiplication Property
« Consider aproduct of two sequences y[n] =x[n]x[n]
« The corresponding Fouriertransforms:  Y(elV), Xy(el%), X,(el%)
) +¥ ) +¥ )
YEe")= & yine "= § xinhelne "
n=-¥ -y
) +¥ o )
vey= & 1L gxeieldg bt i
n=-¥1P 2

1 é ¥ u
Y(el™) o C)Xl(e’q)g a Xz[n]e"(‘”’q)”gdq
» n=- ¥
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The Multiplication Property

» Thebracketed summationisthediscretetime Fourier transform

Qo

Xz(ej (W'Q)) Xz[n]e-j(w-q)ng
¢l

¢
=¢
En=-¥

andwehave

Y(e"W):% a6 Xp(el® Dy
2

This corresponds to aperiodic convolution of X, (€") and X ,(€*)
andthe integral is evaluated over any interval of length 2p
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Summary of Fourier Series
and Transform Properties

TABLE 5.3 SUMMARY OF FOURIER SERIES AND TRANSFORM EXPRESSIONS

Continuous time Discrete time
Time domain Frequency domain ‘Time domain Frequency domain
a = xln] = : a = .
- ayelton A Tremaeh L LS gy atnle e
Fourier ! '
Series continuous time. i discrete frequency discrete time discrete frequency
periodic in time. ! aperiodic in frequency periodic in time. T periodic in frequency
X0 = \ X(jw) = xfn) = i X =
£ Xwedo ! £y X(e)eon 27 xe it ' 4T xlnleion
Fourier | |
Transform | continuous time continuous frequency discrete time H continuous frequency
aperiodic in time - aperiodic in frequency aperiodic in time H periodic in frequency
R L
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Systems Characterized by Linear
Constant -Coefficient Difference Equations

e AnLTI system with inputx[n] and outputy[n] is described by
N M
& ayin- K= 3 bofn-k
k=0 k=0
« Thefrequency responseof thesystem, H(€"), can be determined
by applying the Fourier transform to both sidesof the difference
equation and using the linearity andtime-shiftingoperations

N ; ) M ) )
a ae MY E")= dbe xE)
k=0 k=0

where X (eW)-%® x[n] and Y(el")-%® y[n]
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Systems Characterized by Linear
Constant -Coefficient Difference Equations

» Solving H(e")

: o M - jkw
_Y(@EY) _a,ohe’
jwy g N - jkw
X" a.k:oake

HEe™)

* The frequency response H(€"), isa ratio of polynomiasin
the varidble el

* The coefficients g, and b, are the same asinthe difference
equation
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Example 5.18: First Order IIR Filter

« Condder the first order recursive or infinite impulse response
(IIR) filter

yin]- ay[n- 4 =xn], with |al<1
 The frequency response of thissystem is
i 1
HeW)=————
€ 1- ae” W

e The impulseresponse is caculated earlier:  h[n] = a"u[n]

© Olli Smda Tik-61.140 / Chepter 5 41

Example 5.19: Second Order IIR Filter

The difference equationis ~ y[n] - %y[n- | +:—éy[n— 21 =2n|

’ 2
. wy =
Thefrequency responseis  HE!™) ERTIETE
. . 4 8
« Factoring thedenominator 2

e
cascadeof two 1% order He )_a_ Loiwgm 1o wd

sections 2 @ 4 s
+ Partial fraction expansion  H (e/") =—— —2—
o W - jw

parallel interconnection 3
of two 1% order sections

Theimpulse responseis

1- =
7€

.n .n
hin] = 422 upn) - 228 ujny
2g &g
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