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T-61.3010 DSP Table of formulas, spring 2009

Disclaimer! Notations, e.g. w or €2, may vary from book to book, or from exam paper to other.

Basic math stuff

Even and odd functions:

Even{x(t)} = 0.5 - [x(t) + x(—1)]

Odd{z(t)} = 0.5 [x(t) — z(—1)]

Roots of second-order polynomial:

ar? +br+c=0, = (—b+ Vb2 — 4dac)/(2a)
Logarithms, decibels:

log((A-B/C)P) =D - (logA+log B —
log, b =1log.b/log, a

decibels: 10log,o(H?/H3) = 201log,,(H/Hy)

101og;,(0.5) = 201og;((v/0.5) ~ —3.01 dB

201og;,(0.1) = —20 dB, 201og;,(0.01) = —40 dB

Complex numbers, radii, angles, unit circle:
i=j=v—T1=—1/j

z=x4+Jjy = rel?

r = /ZE2 + y2

0 = arctan(y/x) +nm, (n =0, if 2 >0,n=1, if x < 0)

x =r cos(f), y=r sin(f)

e? = cos(0) + j sin(6) (BEuler’s formula)

cos(0) = (1/2) - (e7? + e77%), sin(f) = (1/25) - (e7? — e79)
21 - 2y = r1rped(01402) o) [0 = (1 /o) (01702)
|A-B|=|A|-|B|, £(A-B) =LA+ /B

2 = r"el™ = " (cos  + jsin )" = r"(cosnd + jsinnd)
2= Nz= Vrel =|¥r|ed@+2)/N L —01,... N—1
Trigonometric functions:

1° = w/180 radians ~ 0.01745 rad, 1 rad = 180° /7 ~ 57.30°
sinc(0) = sin(76)/(70)

sin(f)/0 — 1, when 6 — 0; sinc(f) — 1, when 0 — 0

log C)

cos?(0) + sin2(9) =1
sin(f) =0 — T + 95—7 — ...+ (*1)"(3211), + ... (Taylor)
cos(0) =14 + 4 — ...+ (=1)" & + ... (Taylor)

0 0 /6 w/4 | w/3

sin(d) | 0 0.5 V2/2 | V3/2

cos(6) | 1 Vv3/2 | V2/2]05

0 /2 | 3n/4 T —m/2

sin(9) | 1 V2/2 |0 —1

cos(f) | O —2/2 | -1 0

~ 3.1416, V/3/2 ~ 0.8660, v/2/2 ~ 0.7071

Geometric series:

1
Zn Oa‘ 7(1]’\[
N o n_1—a"*!
Zn:Oa - Ea I

Continuous-time unit step and unit impulse fun.:

u(t):{l’ t>0

0, t<0
0a(t) = Fualt),
[ o) dt =1
J25 8t — to)x(t) dt = x(to)

In DSP notation 27§(t) is computed 2 [ 6(¢)
when ¢t = 0, and = 0 elsewhere.

la| <1

la| <1

0(t) =lima—o0a(t) (Dirac’s delta)

-1dt = 2,

Discrete-time unit impulse and unit step functions:

N PN
E.g z[n] = 20[n + 1] + 0[n] — dn — 1] = {2, 1,-1},
z[-1] =2, z[0] =1, z[1] = -1

Periodic signals

T eR:z(t)=z(t+T),VteR

AN €Z:z[n]=xn+ N],Yne€Z

Fundamental period Ty, Ny is the smallest 7" > 0, N > 0.

Convolution

Convolution is commutative, associative and distributive.

y(t) = ht) ®z(t) = [ h(r)z(t —7)dr

yln] = hn] ® x[n] = 33722 hik]z[n — K]
yoln] = hn)® xln] = S35 hlkla[< n — k > ]
Correlation:

reyll] = 02 zlnlyln — 1] = z[l] @ y[~1]
re(l] = 202 o wn]zin — 1]

Mean and variance of random signal:
mx = E[X] = [apx(z)dx
0% = [ (@ — mx)?px (v)dz = B[X?] — m%

Frequencies, angular frequencies, periods:

Here f; (also fr later) is the sampling frequency.
Frequency f, [f] = Hz = 1/s.

Angular frequency Q = 2nf = 27/T, [Q] = rad/s (analog).
Normalized angular frequency w = 21Q/Qs =2 f/ fs, [w] =
rad/sample (digital).

Normalized frequency in Matlab fayrarrpap =
[fmarpas] = 1/sample.

2f/fs,

Sampling of z,(t) by sampling frequency fr
xp[n] = xa(nT) = zq(n/fr)
Xp(iQ) = 7 20 oo Xa(G(2 = kQ1))

Integral transforms. Properties

Here all integral transforms share some basic properties.
Examples given with CTFT, z[n] < X(e¥), m1[n] «
X1(e9%), and x3[n] + Xa2(e¥) are time-domain signals with
corresponding transform-domain spectra. a and b are cons-
tants.

Linearity. All transforms are linear.

ax1[n] + bra[n] < aXq(e?) + bXo (/)

Time-shifting. There is a kernel term in transform, e.g.,
z[n — k] < e 7R X (eI@)

Frequency-shifting. There is a kernel term in signal e.g.,
eI@rng[n] « X (e7(@—wr))

Conjugate symmetry x*[n] < X*(e™7%). If z[n] € R, then
X(e) = X*(e=), [X(e)] = |X(e7¥)], £X (1) =
—/X(e79%). If z[n] € R and even, then X(e/*) € R and
even. If z[n] € R and odd, then X (e/*) purely € C and odd.
Time reversal. Transform variable is reversed, e.g.,

x[—n] « X(e™I¥)

Differentiation. In time and frequency domain, e.g.,

zln] —zfn — 1] & (1 — e79°) X (%), nzn] < jL X (e/¥)
Duality. Convolution property: convolution in time domain
corresponds multiplication in transform domain zi[n] ®
xa[n] < Xi1(e99) - X5(e/¥) and multipication property, vice
versa, r1[n] - z2[n] < 5= [, X1(e79) Xo(e7@=9) dg
Parseval’s relation. Energy in signal and spectral compo-
nents: Y [z[n]|* = 5= [, [ X (e7%)]? dw

Fourier series of continuous-time periodic signals:
z(t) =3 p0 . ape?F 0! (synthesis)
ar = 7 [ a(t) e 70t dt (analysis)
z(t —tg) < apelkoto
e Mot (t) — Ag—M
Jrxa(T)xy(t — 7) dT > Tagby
Ta(D)zp(t) < 30 arbr—i
La(t) < jkQoax
Continuous time Fourier-transform (CTFT):
5= [0, X (jQ) 7 dQ (synthesis)
(JQ) [ x(t) e7 7 dt (analysis)
x(t —t) « M X (59)
e/l (t) o X (5(Q2 — Q)
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Tq(t) ® xp(t) < Xa(jQ)Xb(jQ)
( Jxb(t) — 5-Xa(52) ® Xp(5€2)
Lat) < JQX(JQ)

( ) < JdQ X(j9)
eIt s 276(Q — Qo)
cos(QOt) m[6(2 — Qo) + (2 + Q)]
sin(Qot) < jw[0(2 4+ Qo) — (2 — Q)]
z(t) = 1 — 2m6(Q)
Lt <Th 25in(QT1)
x(t) = {o, t| > Ty @
sin(Wt) . _ L |Q| <W
w XU = {0, Q> w
o(t) 1
S(t — ty) « eI
e u(t) < #j(l’ where Real{a} >0

Discrete time Fourier-transform (DTFT):
5= [ X (e7¥) €™ dw (synthesis)
X(ef‘*’) = Zn__oo x[n] e periodic with 27 (analysis)
z[n — k] « e 7k X (eI@)
eIrngn] < X (el (Wwr))
z1[n] ® m2[n] — X1(e?¥) - Xa(e¥)
zi[n] - 2n] & & [, X1(e%) X2 (e?@=9) dg
nan]  j7 X ()
e7om 21y, 6 (w — wo — 27l)
cos(won) < mYy_,;[0(w — wo — 2ml) + 6(w + wo — 27l)]
sin(won) < jm Y, [0(w + wo — 27l) — 0(w — wo — 27l)]
zn] =121, 0(w—2nl)

1,|7’L| S Nl sin(w .
xln] = o

0, |7’L| > Ny

) 1 < <
sm(Wn) _ SIDC(WH) PN X(ej“’) _ s 0< |W| <WwW
m 0, W<lw|<m

o[n] « 1
(5[n —kl—e J’W

"uln] <
N-point Discrete Fourier-transform (DFT):
Connection to DTFT: X[k] = X (e/*
Wy = e—i27/N
zln] = % IZCV_Ol X[EJWx*™ 0<n <N —1 (synthesis)
X[k =N 2wk, 0 <k < N —1 (analysis)
z[<n —ng >n] — Wyt X[k]
Wy ox[n] < X[< k — ko >n]
yeln] = h[n]® z[n] < H[K] - X[k]

Laplace transform:

la| < 1

l—ae—iv>

)|w:27rk/N

Y[k]

Convergence with a certain ROC (region of convergence).

Connection to continuous-time Fourier-transform: s = 52

z(t) = % ;_JFJJ;O X (s)est ds (synthesis)
X(s)= ffooo z(t) e~st dt (analysis)

z-transform:

Convergence with a certain ROC (region of convergence).

Connection to discrete-time Fourier-transform: z = e/*
x[n] = % $o X (2)z""'dz, C in ROC of X(2) (synthesis)
X(z)=>0" _ x[n]z~" (analysis)

zn — k] < 278X (2)

z1[n] ® 22[n] — X1(2) - Xa(z)

d[n] <1, ROC all z

S[n — k] < z7F, all z, except 0 (k > 0) or oo (k < 0)
uln] « %, |z| > 1

—pl-n—=1] & ==, |2l <1
a"pln] <

n

3

2| > |al

1
l—az—17
az”
l—az—

na"u[n] < ( e |z| > |al

(n+Da"uln] = g=gzmrp, |2l > al

= -1
™ cos(won)uln] < 1o sty g [l > Il
" sin(won)uln] < 1—2rcrossl(rsftsz)fl+r2z*2’ |2 > Ir]

LTI filter analysis

Stability Y, |h[n]| < co; unit cirle belongs to ROC
Causality hin] = 0,n < 0; co belongs to ROC

Unit step response s[n) = >_____ h[k]

Causal transfer function of order max{M, N}:

1M (—dmzh)

_ CmmobmzT™
H(z) = B(2)/A(z) = K- el = G FiE G
Zeros dp,: B(z) = 0; Poles pp: A(z) =0

Frequency, magnitude/amplitude, phase response, z « eI*

H(e/) = |H(eiw)| ed#H )
H(e7) = H(2)|.cerw
Hlk] = H(ejw)lw:%rk/N

Group delay T(w) = — <= ZH(el*)
Four types of linear-phase FIR filters, h[n] = h[N — 1 — n]
(even/odd symmetric), or h[n] = —h[N —1—n] (e/o antis.).
Zeros symmetric w.r.t. unit circle: r e*7% and (1/r) eT7°.
Important transform pairs and properties:
adln —k] < ae 7 g2k
aun] = 1/[1—ae %] < 1/[1 —az™!]
bl = X, (s - aulnl) < H(E) = ...

. Zz(kz/[l - ai(_f]‘”]) o H(z)= Zz(kz/[l —a;
azn —k] < ae 7k X (/) a2z X (2)
y[nl = hin] ® z[n] < Y (2) = H(z) - X(z)

rectangular < sinc, sinc < rectangular

LTI filter design (synthesis)

Bilinear transform H(z) = H(s)|s and prewarping
s=k-(1—z"H/1+ 271, k=1lork=2/T=2fp
Qprewarp,e = k - tan(w./2), k=1lork=2/T=2fr
Spectral transformations, &, desired cut-off

LP-LP z7! = (371 —a)/(1 — a271), where

a = sin(0.5(w, — @.))/ sin(0.5(we + @c))

LP-HP 27! = —(27 1+ a)/(1 + a2~1), where

a = —c08(0.5(we + &¢))/ cos(0.5(we — &¢))

Windowed Fourier series method

1, lw] < we

z’l])

HE) =00 s = ] = 2 = ()
hFIR[ ] = hzdeal[ ] [n]

HFIR e]w = or f szeal e]@)W(ej(w—G))de

Fized wmdow functwns order N =2M, —M <n < M:
Rectangular w[n] =1

Hamming w(n] = 0.54 + 0.46 cos((27n)/(2M))

Hann wln] = 0.5 (1 + cos((27n)/(2M)))

Blackman w(n] = 0.42 4 0.5 cos(23%) + 0.08 cos(3x%)
Bartlett win] =1 — (|n|/M)
Implementation
Radiz-2 DIT FFT butterfly equations
\IlrJrl[Oé] - \Ilr[a] + W]lvr \pT[ﬂ]
Uyaf] = T[a] - W}, T, [5]

with Uy input, and ¥r, R
Wy, = e 327/Nr N, =27 1€0,2

logo N 4+ 1 output level;
or— 1 _ 1]

Multirate systems

Upsampling (interpolation) with factor L,
x[n/L],n=0,+L,+2L,...

xy[n] = 0, otherwise

Xu(2) = X (1), Xu(e?¥) = X (e7¥L)
Downsampling (decimation) with factor M,
xq[n] = x[nM]
Xa(z) = (1/M)
Xa(e??) = (1/M)

Ty [n] =

ol X (MWL,

M 1 (ej(w—QTrk)/M)



