Exercise n / DEKM 8.2

In this exercise derivation is based in an alphabet of {a,b,c}. It is clear for the reader that alphabet can be chosen to be any other sequence as well. So the result should be general.

Example 1:

Substitution probability from residue c to residue a over 2 time units would be:

Time
1
2
3

Possible symbol
C
A,B,C
A

Equation 1:

P(a|c,2) = 
  P(a|c,1) * P(a|a,1)



+ P(b|c,1) * P(a|b,1)



+ P(c|c,1) * P(a|c,1)

Example 2:

Substitution probability c –> a over 3 time units would be:

Time
1
2
3
4

Possible symbol
C
A,B,C
A,B,C
A




T

n 




(------ s ------(
Equation 2:

P(a|c),3) =
  P(a|c,1) * P(a|a,2)



+ P(b|c,1) * P(a|b,2)



+ P(c|c,1) * P(a|c,2)

Note that P(..,2) could be written open into product of probabilities of one time step.

Denote any intermediate point by t (t=1 in example 2) and length of time by n (n=3 in example 2) and s = n-t

Then equation 2 can be rewritten:

Equation 3:

P(a|c,n) = 
  P(a|c,t) * P(a|a,s)



+ P(b|c,t) * P(a|b,s)



+ P(c|c,t) * P(a|c,s)

Equation 3 is a generalisation of equation 2 to any n and any t ( [1..n[. It can also be seen that b just represents an alphabet: if instead of just b our alphabet contained K symbols the middle line in Equation 3 would be extended to include other symbols as well.

To continue with the task, taken what was said above, Equation 3 can be rewritten as (Note that symbol b(t) represents now whole alphabet, in the example alphabet contained three symbols only and that is hilighted for the sake of clarity in the rest of the proof without losing generality):

P(a|c,n) = 
( P(a|b(t),s) * P(b(t)|c,t)  
= 



b(t)({a,b,c}

( P(a(t+s)|b(t)) * P(b(t)|c(0))  
=  //stationary



b(t)({a,b,c}

( P(a(t+s)|b(t),c(0)) * P(b(t)|c(0))  //Markovian


b(t)({a,b,c}






Q.E.D

Multiplicativity means that the probability of a residue substitution (c -> a) is not dependent of substitutions that possibly take place in between.  If a substitution in between is known (at time t) then the probability of substitution from c to a is the product of the first substitution probability (c -> b) and latter substitution probability (b -> a).

